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IRREDUCIBLE REIDEMEISTER ORBIT SETS

SEounGg Ho Leg*

ABSTRACT. The Reidemeister orbit set plays a crucial role in the
Nielsen type theory of periodic orbits, much as the Reidemeister
set does in Nielsen fixed point theory. Extending our work on Rei-
demeister orbit sets, we obtain algebraic results such as addition
formulae for irreducible Reidemeister orbit sets. Similar formulae
for Nielsen type irreducible essential orbit numbers are also proved
for fibre preserving maps.

1. Introduction

Nielsen fixed point theory has been extended to a Nielsen type theory
of periodic orbits [6, Section III.3]. In fixed point theory, the compu-
tation of the Nielsen number often relies on our knowledge of the Rei-
demeister set, that is the set of Reidemeister conjugacy classes in the
fundamental group. Extending Ferrario’s work [2] on Reidemeister sets,
we in [7] made an algebraic study of the Reidemeister orbit set in rela-
tion to an invariant normal subgroup. We obtained addition formulae
for Reidemeister orbit numbers, and applied them to the Nielsen type
essential orbit number of fiber preserving maps. Our aim in this paper
is similar to study the irreducible Reidemeister orbit set, to obtain some
addition formulae for irreducible Reidemeister orbit numbers, and as ap-
plication, to find addition formulae for Nielsen type irreducible essential
orbit numbers of fiber preserving maps.

Given a group endomorphism f : G — G, the Reidemeister set R(f)

of f is the set of orbits of the left action of G on G via v % gvf(g™h).
For a given integer n > 0, f acts on the Reidemeister set R(f") of the
n-th iterate f™. An orbit of this action is called a Reidemeister orbit, the
set of all such orbits is the Reidemeister orbit set ROM™(f). We define a
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subset IR(’)(")( [f) of it to be the set of irreducuble Reidemeister orbits.
If H C G is an f-invariant normal subgroup and G = G/H, then the

short exact sequence 1 — H = G — G — 1 induces an exact sequence

ROM (fr) 25 ROM(f) — ROM(F) — 1

of Reidemeister orbit sets. Note that i, does not preserve irreducibility.
Under certain conditions, we can have an addition formula of the form

FIROM(f) = > HIROMI(6)),
JEROM(F)
where m; = n/{;, {; being the length of the orbit j, and 0} : H — H

is a twisted version of ffj. In Example 2.10 we give a correction of [7,
Example 1.16].

Turning to the topological context, we consider a fibre preserving
map f: F — FE of a Hurewicz fibration p : E — B of compact ANR’s.
It induces a map f : B — B. Let K be the kernel of the homomorphism
Js + m1(Fp) — mi(E) induced by the inclusion of a fiber. Denote by
I EO(”)( f) the number of irreducible essential orbit classes of f, and by

I EOy(n) the number of mod K irreducible essential orbit classes on a
fibre. The following formula is a correction of [7, Corollary 2.5]. Under
suitable conditions, we have an addition formula of the form

1EO™ () = 3" 1EOY (),
beg

where the summation runs over a set £ of essential orbit representatives
for f, £ is the length of the essential f-orbit class containing b, m = n//,
and hy, : F, — Fy is a variant of f¢|Fy,.

The paper consists of two sections. In the first section we show our
results on the irreducible Reidemeister orbit sets using the method of
our algebraic results in [7] on the Reidemeister orbit sets. In the second
section we apply them to fibre preserving maps.

For the basics of Nielsen fixed point theory, the reader is referred to
[1,6].

2. Irreducible Reidemeister n-orbit sets

Let f : G — G be a group endomorphism. The Reidemeister set
R(f) of f is the set of equivalence classes for the following Reidemeister
equivalence relation in G: 7,7 € G are equivalent if and only if v/ =
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gvf(g~ 1) for some g € G. The Reidemeister class of 7 € G is denoted

by [
If H C G is an f-invariant normal subgroup, then the short exact

sequence
1-HS5G5G -1,
where G = G/H,and i : H — G and q : G — G are the inclusion and

quotient homomorphisms, induces an exact sequence (in the category of
pointed sets)

(R(fa), [Wp) 2 (RO, 1) B (R(F), (1] ) — 1

of Reidemeister sets, where R(fx) is the Reidemeister set of the restric-

tion map fy : H — H, and R(f) is the Reidemeister set of the induced
map f: G — G.

Let n > 0 be a given integer. Then f acts on the Reidemeister
set R(f") by [7]sn J, [f(7)]fn. The f-orbit of a Reidemeister class

[v]f» is called a Reidemeister n-orbit, denoted by [’y];n). The set of
all such Reidemeister f-orbits is called the Reidemeister n-orbit set of
f, denoted by RO(”)( f). The length of the orbit [7];") is the smallest

integer ¢ = E([’y];n)) > 0 such that [y]» = [f*(7)]y». Furthermore, there
is an exact sequence (in the category of pointed sets)

(ROM (fu), (1)) 2 (RO (£),[1]1) % (RO (F), 1] 1) > 1

of Reidemeister orbit sets, where RO™(fy) is the Reidemeister orbit
set of the restriction map fg : H — H, and RO(”)(f) is the Reide-
meister orbit set of the induced map f : G — G. For ¢ | n, we have a
commutative diagram

R(fH — R(M)

! l

ROV(f) " ROM(f),

where the vertical maps are projections, and the horizontal maps are
induced by the level-change function ¢y, : G — G defined (as in [5, 1.9])
by

ten(B) = BIB)F*(B) - "7 (B).
We say that an f-orbit [a];n) e ROM(f) is reducible to level h, if there

exists a [ﬁ]}h) e ROM(f) such that Lhm([ﬁ];h)) = [a];n). The lowest
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level d = d([a];n)) to which [a]}n) reduces is its depth. A Reidemeister
orbit [a];n) e ROM(f) is said to have the full depth property if its
depth equals its length, i.e., d = ¢ (see [7]).

From the above definitions, we have

LEMMA 2.1. Let f : G — G and g : G’ — G’ be group endomor-
phisms. Let h : G — G’ be a homomorphism. If the diagram

c -1, ¢a

4l [
¢ — = G
commutes, then £([h(c)]§”) | €([a]{) and d([h(e)]S”) < d([a]),
where £, d are length and depth of corresponding ones.
n)

COROLLARY 2.2. If [h(a)]gn) is irreducible, then [a]; is irreducible.

COROLLARY 2.3. If [h(a)]\") has the full depth property, then

d([h(@))§) | d([a)}).

DEFINITION 2.4. Let f : G — G be a group endomorphism. The
f-orbit of an irreducible Reidemeister class will be called an irreducible
Reidemeister n-orbit. The set of all such irreducible Reidemeister f-
orbits will be called the irreducible Reidemeister n-orbit set of f, denoted
by ZRO™ (f).

Note that if n = m¢, then the orbit [a]ﬁ]}f) = {[]n, [fY(Q)]fn, ...} is
a subset of the orbit [a]}n) = {[a]n, [f(a)]fn,...}. Thus this inclusion
induces a map

o (RO(m)(fé), [Oé]gc?)) . (RO(”)(f), [a];n))

LEMMA 2.5. Let n > 0 and o € G. Suppose the orbit [d]}n) €

RO (f) has length ¢, and let m := n/l. We have a commutative
diagram of exact sequences in the category of pointed sets:

(RO™(£9), [ (1) —=— (ROW(F),[@)0)) —— 1

di &

(ROM(f),[0]f)) —E— (ROW(f),[a\) — 1,
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where the vertical maps o and & are induced by inclusions, and they are
surjective. o restricts to a bijection

- q*_l([o_z]ggb)) — q*_l([@]}n))

Furthermore, if [64]5;”) has the full depth property, then o restricts to a
bijection
o : TROM™ () ngr ([l 1) — TROM(f) ng (@] 1),

Proof. For the first part, see [7, 1.7]. Now we show that if [B]Eff) €

IRO(m)(fg)ﬂq,jl([o_z]g;?)), then O‘([B];T)) = [ﬁ];n) is irreducible. Assume
that the depth d = d([ﬂ];n)) < n. Since [64]5;”) = q*([ﬁ};n)) has the full
depth property, the length £ of it is its depth. Thus by Corollary 2.3
¢ | d. Let d = ¢r. Then we have r < m and r | m. By definition of
depth, there exists v € GG such that

B=7f ) ) =) (T ().

This means that [3] S‘T) is reducible to level r. This is a contradiction.

On the other hand, in the proof of [7,1.7] if [5]?) € q; ([ (—n)), then

f
o8 Nt (@) = {18150y

It is sufficient to show that if [ﬂ]gcn) € IROM(f) N q;l([@]}n)), then

[6];7) is irreducible. Assume that the depth d = d([ﬁ]gf) ) < m. Then
there exists v € G such that

B =) (F9" ) = y) - ).

This means that [5] Scn) is reducible to level /d. O

NoTATION. For o € G, let 7, : G — G denote the conjugation defined
by 7.(B) = apa.

From [7, 1.10] there is a canonical bijection of the Reidemeister orbit
sets of 7. f and f, denoted by a, : RO™ (1,f) — ROM(f), given by

a(19))) = [gaf(@) - f ().

LEMMA 2.6. The canonical bijection a, preserves irreducibility.
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Proof. For £ | n, we will show the commutativity of the following
diagram

O(raf) —2= ROV(f)

RO
i | e

ROM (1o f) == ROW(f)
where the vertical maps are level-change functions. Then «, preseves
irreducibility. Clearly we have

(raf)"(9) = (af (@) f*"Ha)) f*(9)(af(a) - f*Ha) ™
for all g € G. Then

a9 = aullgmah) (@) ()" (@)
= [g(ra)'(9) - (ra )" (g)a- - L ()]
= [glaf(a)-- f M) (9)af(@) f )t
af(@)--- PN a) g af (@) - T “(a))*l

o fr )]

= [(gaf(a) - FN @) (gt (@) - (@)
fn Z(gozf( ) fZ 1( ))] (n)

= wallgaf()--- 7 (a)}

= tnan([g)))).

This is exactly what we need. O
Applying Lemma 2.5 and Lemma 2.6 to [7, Corollary 1.11], we have

COROLLARY 2.7. Suppose n > 0 and o € G are given. Suppose the
orbit [54]5;”) € RO™(f) has depth d, and let m := n/d and tan(B) = @
for some 8 € G. Then we have a commutative diagram in the category
of pointed sets:

(RO (5 ), 1)7}) —"— (RO™(7f%), [11{7).)

6{ l

(ROUD(f), [5y)07)) = (ROUD(f4),
7

(ROM(f),[]) = (RO™(F), [a]™),

Ql

EHUNRD

Qi
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where the vertical maps B. and B, are induced by the element 3 €

G. The notation ™ stands for Bf4(8)--- f*=4(8), and similarly for

5(m) (n)

. . Furthermore, if [@/] 7 has the full depth property, then we have a

bijection

o0 B : TRO™ (73 f*) N g (1575) — TROW(f) N (al ),

where B* ROM) (taf%) — ROM (fd) is a canonical bijection given by
Bo([g1"a) = l9BFUB) -~ F= (B}

Proof. By [7, Corollary 1.11] the diagram commutes and we have a
bijection
oo B g (175) — o (@),

Since B, and o preserves irreducibility, we have the assersion. ]

LEMMA 2.8. Suppose n > 0 and o € G are given. Suppose the orbit
[&]}n) e RO™(f) has depth d, and let m := n/d and tan(B) = a for

some (3 € G. If Fix(raf™) = {1} and i,y is injective for every m’ | m,
then the restriction

i : RO (7 ffy) — TRO™ (731%) N g (1177,)
is a bijection.
Proof. When FiX((TB fH™) = Fix(1af") = {1}, by [7, 1.6] the map

L RO (7 ffy) — ¢ (177),)

is a bijection. First we will show that if M(Tm) € ITRO™ (15fd),

s fE
then i*([’y](m;d) = [’y]im;d € TRO™) (15f%). Assume the depth m/ =
d([fy]( ;d) < m and Ly, (0) =y for some § € RO(m/)(Tﬁfd). Then we

have a commutative diagram of exact sequences of pointed sets:
ROz ), 1017 00) %5 (ROU) (a5 ), 0)7)

. Lt m + Lim/ m
(RO (rafi), bI7)a) 5 (RO (), mi”)d) 5 (RO (s ), 107 1)

(m

_£d>

6

= [l
[5/](m})d e ROM™)(75fd) such that z*([d’](mle) = [5](mlzl. Since i, is
H H s f

Since iy gz, is injective, we have [0 ] and so there exists
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(m/)

of —M( ™) . This is
8 H

injective in the lower sequence, we have ¢,/ , ([¢] 1
T8/ H

a contradiction.
On the other hand, Corollary 2.2 tells us

i (TROM (rf*) 01 g (75)) € TROM (7 f).

O]

THEOREM 2.9. Supposen > 0 is given. For an orbit [d]g;n) e ROMW(f),
let do be the depth of [& ]( ), Me = n/dy, and Tq, n(Ba) = & for some
Ba € G If Fix(raf") = {1} for all [a] ") € ROM(
injective for every m,mq, with m | meq, then

IROM(f) = Y RO (74, fif)-

@] eROM (f)

f), and T, is

Proof. Clearly the irreducible Reidemeister n-orbit set ZRO™ ( f)is

the disjoint union of ZRO™(f) N ¢; ! (|a ](n)) for all [a ]( " e ROM(f).
When Fix(75f") = {1}, [7, 1.12] tells us [a] ggn) has the full depth prop-
erty. By Corollary 2.7 and Lemma 2.8

 TRO) (5, f) — TROM(f) g7 (1a)2")

is a bijection for every [0’4]}") e ROM(f). This completes the proof of
the theorem. ]

In the next eample we have a correction of [7, Example 1.16].

EXAMPLE 2.10. (The Klein bottle). Let G be the fundamental group
of the Klein bottle, i.e. G := (a, | Ba = a~!3). The subgroup H :=
(a) is a fully invariant normal subgroup of G and if M : Z — Aut(Z) is
the homomorphism defined by My, = M (k) = (—1)* for all k € Z then G
is the external semidirect product of H and A := Z via M, it is the set
of all pairs (a, h) € A x H, with the group operation (a1, hy) * (ag, hy) =
(a1 + ag, My, (h1) + he). The subgroup H = {0} x H C G is normal in
G and G/H= A= Ax {0} CG. Let f: G — G be an endomorphism.
Then fy : H — H and f : A — A are defined by elements of Mat; 1(Z),
thus they are integers u and w. In other words, fg(h) = uh for h € H
and f(a) = wa for a € A (see [2, Example 3 and 4]).

We will calculate ZROP (f) when v = 2 and w = 3. Since the
following sequence
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)
052525 2/Im(1— ) =0

is exact, we can identify the 2-periodic point classes of f, i.e. the ele-
ments of R(f?), with the elements of Zg. Thus the Reidemeister 2-orbit
set of f is

@) = {0, 1P, 29,142,152},

where [0 = {[0] 2}, (11 = {(1] o, 8] 23, 121 = {[2)z, [6] 2}, (4% =

{[4]7} and [5 ]J? = {[5] 2, [7] 2} For level 1, the set ROW(f) = R(f) =

Zs is {[0]f, [1] 7}. Since 712 is multiplication by (1+3) = 4, the f-orbits

[0 ];—2) and [4 ];) are reducible to level 1, i.e. 772(0) = 0 and 77 2(1) = 4,

the others are irreducible. For all @ € A and h € H the conjugation
is (a,0) % (0,h) * (—a,0) = (0, M_,h), hence TafH( = (=1)"%uh =

= (-
(~1)%uh. Since Fix(r; ) = {0} for all [j] € RO (f), by [7, Theo-
rem 1.14] we have

—

RO (f) = $ROP (mfu) +ROP (mfm) + 3 #R(7f3)
j=1,2,5
= #0055 + 005, 5, 25,1+ 30 1= (=172
j=1,2,5
= 18.
For level 1, the set R(’)(l)(fH) R(fr) = Zy is {[0]y, }, and so [1]502;

is irreducible. The set ROW 1y fr) is {[0]n frr> U fars (2 fr } 80 all
Reidemeister 2-orbits of 7| frr are reducible. Thus by Theorem 2.9 we
have

HTROPN(f) = HIROP (rofu) + 4TROP (rifu) + Y tR(7f7)
j=1,2,5
= 140+ > [1-(=1)2*]
j=1,2,5
= 14.

3. Nielsen type irreducible essential n-orbit numbers.
Let X be a compact connected ANR. Let f: X,— X be a map. We

denote by Fix(f) = {r € X | f(z) = =} the fixed point set of f. The
set of fixed point classes is denoted by FP(f).



730 Seoung Ho Lee

Let n > 0 be a given integer. Then f acts on the set FP(f") of
n-periodic point classes of f by Fn — f(Fgn). The f-orbit of a class
F ¢ is called an n-orbit class, denoted by Fgfn)

is denoted by O™ (f). Let £(f™) be the set of essential periodic point
classes of f. We denoted the set of essential n-orbit classes by & O(")( f)-
The essential n-orbit number FO™(f) is the the cardinality of it (see
7).

Let = be the base point in X, and take a path w from x to f(z) as the
base path for f. The induced endomorphism f : m (X, z) — 71 (X, x)
is defined by f¥({y)) = (wf(y)w™!) for any loop v at x. If w is the
constant path, f¥ will be denoted by fF. It is well known that every
fixed point class of f is assigned a Reidemeister class in R(f¥), called
its coordinate. We get an injection p : FP(f) — R(f¥), where R(f¥)
is the Reidemeister set in 71 (X, z), defined by p(Ay) := [cf(c ) w™ s
for any path ¢ from x to a point 2’ in Ay. Thus we also get an injection
p: O (f) = ROM(f2), defined by

pAD) = [ef () w ™) fw
(n)
2

. The set of n-orbit classes

for any path ¢ from z to a point 2’ in A

We define the irreducible essential n-orbit number ITEO™(f) to be
the cardinality of the set ZEO™ (f) of irreducible essential n-orbit classes.
This number is a homotopy invariance (see [J, II1.3.3, 3.4]). It is a
Nielsen type number in the general sence of [J, I11.4.8].

We will need the mod K version of the Nielsen theory. If f, X and x
are as above, and if K is an f-invariant normal subgroup of m (X, x),
then we denote the induced homomorphism on 71 (X, z)/K by fw- We

then have the set RO ( f ) of Reidemeister ) i-orbits, and the mod
K essential n-orbit number EO&?)( f), that is the cardinality of the set

& (9%)( f) of mod K essential n-orbit classes. We also have an injection
pk from the set of mod K n-orbit classes to the set of Reidemeister
ff/K—orbits, ie.,
pic s O () = RO (f2)0).

The mod K irreducible essential n-orbit number I EO%)( f) is defined
by the cardinality of the set ZE& C’)g?)( f) of mod K irreducible essential
n-orbit classes.

In this paper we will assume that all of our fibrations ' — E — B
(with projection p : E — B) are Hurewicz fibrations with typical fibre,
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E and B path-connected (see [8]). For any b € Fix(f"), we will denote
the restricted map on the fibre Fy, := p~1(b) by f'. For z € E let
J : Fyzy = E be the inclusion.

PROPOSITION 3.1. [7, 2.4] Let p : E — B be a fibration of compact
connected ANR’s with path-connected fibres, and let f : E — E be a

fibre preserving map. If x € F is in an essential n-orbit class Fgcn) of

f, and p(z) is a fixed point of f*, where £ | n, then the sequence (with
m:=n/l)

(EOW (fly), kB ) 255 (€00 (£), By 225 (c00m (1), B YY)
p(z)

is an exact sequence of based sets, where jg and pg are induced by the

inclusion j : F,;y — E and the projection p : E — B respectively, and

the base points are the essential orbit classes containing either x or p(z).

We call a subset § C Fix( f™) a set of essential n-orbit representatives
for f if £ contains exactly one point from each essential n-orbit class

Fi e 00)(f),

THEOREM 3.2. Suppose p : E — B is a fibration of compact con-
nected ANR’s with path-connected fibres, and f : E — FE is a fibre
preserving map. Let §& = {by,ba,...,br} be a set of essential n-orbit
representatives for f. Let d; be the depth of the n-orbit class of f con-
taining b;, and m; = n/d; for all i. If Fix((f™)%) = {1} for every b; € €,
and Ly, m, is injective for every m,m; with m | m;, then we have

B0 (f) = 3 IO (g3)),
b;eg
where g is the fibre preserving map from the Reducing Lemma, K is the
kernel of the homomorphism j, : m1(Fp,) — m1(E) induced by the inclu-
sion of the fibre. In the condition Fix((f™)%) = {1}, the endomorphism
(f™% : 71 (B,b;) — m(B,b;) is meant to have the constant path at b;
as base path.

Proof. By Reducing Lemma [7, 2.2] there exists a homotopy H con-
necting f and g such that b; € Fix(g%) for every b; € £. By the homotopy
lifting property of the fibration p, the homotopy H in B lifts to a fibre
preserving homotopy H = {h; : E — E}4c; connecting f = hy to some
g = h1. By homotopy invariance we have EO™(f) = EO™(g). So
without loss of generality (by rewriting ¢g as f) we may assume that
b; € Fix(f%) and g is the same as f.
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For each b; € €, let F( ) be the essential n-orbit class containing it.

Clearly ZEO™ (f) = U, IS(’) ”)(f)ﬂpg (FE;Z)) So we only need to show

ZEO™ (f) npg ' (B)| = TEOT (fi4).
In the following proof we shall drop the subscript ¢ from our notation.
Suppose b € £ is in the essential n-periodic point class F 7 which in
turn is in the essential n-orbit class Fg;n). Since d is the depth of F}n),
(m) — @)

F alone constitutes an essential m-orbit class F Fa F P Suppose
O™ (fd) ﬂpgl(FSJZ)) # (). Choose F;T) c Ig@(m)(fd) ﬂpgl(F}ﬁZ))

and x € F;d) such that p(z) = b. Then we have an exact sequence

1= m(Fy2)/K 25 m(E,2) % m(B,b) — 1.

Let KFSZ:) eé& (’) ( fb ) be the mod K essential orbit class containing
b
z. Then by Proposition 3.1 we have a commutative diagram of exact
sequences in the category of pointed sets:

€O, kF)  —Em (g0t (ph), FID) L (gotm)(F4), FUD)

pKl pl ﬁl

(RO ((fH7)s p(xF)) = (RO ((£9)2), p(F (7)) —L—r (ROU((F?), [1]).

The notation xF stands for KF; ™) and [1] stands for [1 ]Efd))b Note that
b

here we regard f¢ as a self map of the pair (E,F,). The base path
is taken to be a path in F, from z to f%(z), whose image in B is the

E;Pd)) , in the

(m)

By the above commutative diagram and Corollary 2.2, xF e
_ _ b
ducible. When Fix((f9)%™) = Fix((f")2) = {1}, Lemma 2.8 tells us

3T s TROU(fih)2 i) = TROM((FH7) N ()

constant path at b. Hence the coordinate of F( ™) is the 1]
lower right corner.

is irre-

is bijective. Thus we have a bijection

je : TEOR (fih) — ZEOM™ (£ npg (FY).
Since p, and o preserve essentiality, we have a commutative diagram
in the category of pointed sets:
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(EO (£, F(D) Lo (€O (f4), FL)

o |o
(EOM(f),Fy) = (€0M(),F(Y).

Let w be the base path for f from x to f(z) in F, and p(w) = w is
the base path for f from b to f(b) in B. Then w, = wf(w)--- f*~(0)
is the base path for f* from b to f(b) in B, and so [(11751)]%? is the
coordinate of FS;”). When Fix(r,1,(f%)") = Fix((J")?) = {1}, by [T,
1.12] the orbit ﬁ(F(")) has the full depth property. Thus Lemma 2.5
tells us

h

o : ZEO™(f) N pg ' (BU)) — ZEO™ (f) npg ' (FYY)

is bijective. We get the desired equality |[ZEO™(f) N pgl(F}n)ﬂ =
TEO\M (£9). O

Note that TEO™)(f) = (1/n)NP,(f) and IEOY (f) = (1/n)NP, x(f)
(as defined in [6, III}). The following consequence is comparable to [3,
3.4].

COROLLARY 3.3. Under the conditions of Theorem 3.2, we also have

NP.(f) =Y di- NP, ic(gpy)-
b, €&
The principal application is to fibrations over tori. It should be useful
in calculations on nil and solvemanifolds.

COROLLARY 3.4. Suppose p : E — B is a fibration over a torus (of
any dimension). Then for any fibre preserving map f : E — E, the
summation formulae of Theorem 3.2 and Corollary 3.3 hold true:

TEO™(f) =N IBO(f*) and NP,(f) =Y di- NP, x(f;").
b;e€ b;e€

EXAMPLE 3.5. (The Klein bottle). Represent the Klein bottle K2
as the quotient R?/G, where G is the group of automorphisms on R?
generated by A : (z,y) — (x,y+ 1) and B : (z,y) — (x + 1,—y). By
defining p : R?/G — S to be projection on the first factor we get the
standard fibration ST < K2 % S of the Klein bottle. Given the map
(s,t) = (rs,qt) on R? induces a well-defined fibre preserving map f of
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K?. For r # 1, since the degree of f is r, then f has |r — 1| fixed point
z; € Fix(f), where z; = j/|r — 1| with j € {0,1,...,|r — 1| — 1}. The
fibre maps f,, have degree (—1)’¢ (see [4, 4.6] and [3, 4.1]).

When r = 3 and ¢ = —1, we will calculate IEO®)(f). Note that
Fix(f%) = {z; | j = 0,1,...,25}, where z; = j/26. Then { = {z; | j =
0,1,2,4,5,7,8,13, 14, 17} is a set of essential 3-orbit representatives for
f. Slnce 11,3 is multiplication by 1 + 3! + 32 = 13, by Corollary 3.4 we

have
IEO® =) IEOW(f,) + > N( (f2.)-

j=0,13 j#0,13
When z; € &, the self map f;’j has degree (—1)7(—1)3, and so N(f;?j) =

14 (=1)/. Thus we have TEO®)(f) = 8. Also, we have NPs(f) =
3-TEOWG)(f) = 24.
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